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using the SUBFIND algorithm of (Springel et al. 2001). The
simulation employs a concordance ⇤CDM cosmology com-
patible with first year WMAP (Spergel et al. 2003) param-
eters: (⌦m,⌦

⇤

,�
8

, h
0

) = (0.25, 0.75, 0.9, 0.73).

2.2 The baryonic content of dark matter halos

The maximum star formation rate of a galaxy is regulated
by the availability of baryonic material that can act as fuel.
In our formation history model we assume that every dark
matter halo carries with it the universal fraction of baryonic
material, f

b

=0.17 (Spergel et al. 2003). However, some of
these baryons will already be locked up in stars or contained
in reservoirs of material that are unable to participate in
star formation. Therefore we parametrise the dependence
of the amount of newly accreted baryonic material which
is available for star formation on the properties of the host
dark matter halo using a baryonic growth function, F

growth

.
In practice, only some fraction of this available mate-

rial will actually make its way in to the galaxy, with an
even smaller amount then successfully condensing to form
stars in a suitably short time interval. The e�ciency with
which this occurs depends on a complex interplay of non-
conservative baryonic processes, both internal and external
to the galaxy–halo system. A number of important exam-
ples include shock heating, feedback from supernova and
active galactic nuclei (AGN), as well as environmental pro-
cesses such as galaxy mergers and tidal stripping. Here we
assume that all of these complicated and intertwined mecha-
nisms can be distilled down into a single, arbitrarily complex
physics function, F

phys

.
Combining all of this together, we can write down a

deceptively simple equation for the growth of stellar mass
in the universe on a per-halo basis:

SFR ⌘ Ṁ⇤ = F
growth

· F
phys

. (1)

In the following sections, we discuss the form we employ
for the baryonic growth and physics functions in turn.

2.2.1 The baryonic growth function

In order to explore the simplest form of our formation his-
tory model, we begin by assuming that as a dark matter halo
grows, all of the fresh baryonic material it brings with it is
immediately available for star formation. This corresponds
to a baryonic growth function which is simply given by the
rate of growth of the host dark matter halo:

F
growth

= f
b

dM
vir

dt
. (2)

In practice halos of the same z=0 mass may show a
diverse range of growth histories, all of which are captured
by our model. In Fig. 1 we demonstrate this by showing
the individual growth histories of a random sample of dark
matter halos selected from the Millennium simulation in two
narrow mass bins. From this figure we see that there can be
significant variations in the time at which similar halos at
redshift zero reach a given mass. For example, in the up-
per halo mass sample, some halos reach 1012 M� by z=5
whilst others do not reach this value until z=2. In addition,
some halos may have complex growth histories, achieving
their maximum mass at z>0. This can potentially be caused
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Figure 1. This figure demonstrates the large variation in the
possible growth histories of halos which all have approximately
equal masses by redshift zero. The blue and red lines represent 30
randomly selected growth histories for halos with final M

vir

val-
ues of approximately 1012 and 1013 M� respectively. Variations
of 3–4 Gyr in the time at which these halos reach a given mass
is common. Unlike statistical techniques for tying galaxy prop-
erties to their host halos, our formation history model implicitly
includes the full range of di↵erent halo growth histories and their
e↵ects on the predicted galaxy population.

by a number of processes such as stripping during dynami-
cal encounters with other halos. Since the baryonic growth
function maps the formation history of each individual dark
matter halo to the stellar mass growth of its galaxy, this
diversity in growth histories is fully captured, propagating
through to be reflected in the predicted galaxy populations
at all redshifts. This is an important attribute of our model
that sets it apart from other statistical-based methods which
merely map the properties of galaxies to the instantaneous
or mean properties of halos, independently of their histories
(e.g. HOD and SHAM models). These methods typically
have to add artificial scatter to approximate the e↵ects of
variations in the halo histories, whereas this variation is a
self-consistent input to our formation history model.

2.2.2 The physics function

The physics function describes the e�ciency with which
baryons are converted into stars in halos of a given mass.
The form of this function may be arbitrarily complex, how-
ever, the goal of this work is to find the simplest model
which successfully ties the growth of galaxy stellar mass to
the properties of the host dark matter halos. The physics
function is unlikely to provide an accurate reproduction of
the details of the full input physics, but should be successful
in reproducing the combined e↵ects on the growth of stellar
mass in the universe. In this spirit, we begin by assuming
that there is only one input variable: the instantaneous virial
mass of the halo, M

vir

.
Although still not understood in detail, the observed

relationship between dark matter halo mass and galaxy stel-
lar mass is well documented (e.g. Zheng et al. 2007; Wang
et al. 2012; Yang et al. 2012). Assuming the favoured ⇤CDM
cosmology, a comparison of the observationally determined
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Figure 1. This figure demonstrates the large variation in the
possible growth histories of halos which all have approximately
equal masses by redshift zero. The blue and red lines represent 30
randomly selected growth histories for halos with final M
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val-
ues of approximately 1012 and 1013 M� respectively. Variations
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e↵ects on the predicted galaxy population.

by a number of processes such as stripping during dynami-
cal encounters with other halos. Since the baryonic growth
function maps the formation history of each individual dark
matter halo to the stellar mass growth of its galaxy, this
diversity in growth histories is fully captured, propagating
through to be reflected in the predicted galaxy populations
at all redshifts. This is an important attribute of our model
that sets it apart from other statistical-based methods which
merely map the properties of galaxies to the instantaneous
or mean properties of halos, independently of their histories
(e.g. HOD and SHAM models). These methods typically
have to add artificial scatter to approximate the e↵ects of
variations in the halo histories, whereas this variation is a
self-consistent input to our formation history model.
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ever, the goal of this work is to find the simplest model
which successfully ties the growth of galaxy stellar mass to
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function is unlikely to provide an accurate reproduction of
the details of the full input physics, but should be successful
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mass in the universe. In this spirit, we begin by assuming
that there is only one input variable: the instantaneous virial
mass of the halo, M

vir

.
Although still not understood in detail, the observed

relationship between dark matter halo mass and galaxy stel-
lar mass is well documented (e.g. Zheng et al. 2007; Wang
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Figure 8. The mean evolution of the stellar–halo mass relation of central galaxies. The results of a non-evolving physics function defined
in terms of M

vir

(Eqn. 3; black solid line) and V
max

(Eqn. 4; orange dashed line) are both shown. The dark and light shaded regions
indicate the 68 and 95% confidence intervals predicted using the marginalised parameter distributions from our calibration at z=0 (see
Fig. 6). A comparison with the subhalo abundance matching results of Moster et al. (2012) (blue error-bars) indicates that both forms
of the physics function fail to reproduce the evolution of the stellar mass growth e�ciency required to reproduce the high redshift stellar
mass function (see Fig. 7).

cause of the larger predicted number density of high redshift
low mass galaxies in the V

max

model. In this case, the lowest
mass halos present at high redshifts have spent a longer time
close to the peak of the e�cient star forming band. This re-
sults in these halos already hosting significant amounts of
stellar mass by z=3.

To illustrate this further, in Fig. 8 we show the evolution
of the mean stellar–halo mass relation for both models. The
blue error-bars represent the relations predicted by the sub-
halo abundance matching model of Moster et al. (2012). We
have specifically chosen to compare our results against the
work of Moster et al. (2012), as they take their halo masses
from the same dark matter merger trees as used in this work
(as well as the higher resolution Millennium-II simulation;
Boylan-Kolchin et al. 2009) and also construct their model
to match the same high-redshift stellar mass functions of
Pérez-González et al. (2008). Hence, the blue error-bars of
Fig. 8 represent the evolution in the integrated stellar mass
growth e�ciency which our model must achieve in order to
successfully replicate the observed stellar mass functions of
Fig. 7.

By construction both the M
vir

and V
max

models pro-
duce extremely similar relations at z=0, but with clear dif-
ferences at higher redshifts. It is these variations in the typ-
ical amount of stars formed within halos of a given mass
that drives the di↵erent predictions for the evolution of the
stellar mass function. For example, the much higher average
stellar mass content of low mass halos at z=3 when using
the V

max

model physics function in Fig. 8 is the cause of the
increased normalisation of the low mass end of the relevant
stellar mass function in Fig. 7.

Importantly, it can be seen from Fig. 8 that neither M
vir

or V
max

models reproduce the evolution of the stellar–halo
mass relation found by Moster et al. (2012); in particular
with respect to the position and normalisation of the peak
value. The use of a redshift independent virial mass to define
the peak in-situ star formation e�ciency of the M

vir

model
means that, by construction, there is no evolution in the po-
sition of the peak of the stellar–halo mass relation. However,
due to the evolving M

vir

–V
max

relationship, the position of
the peak e�ciency for the V

max

model does evolve, but in
the direction opposite to that required. Based purely on this
inability to reproduce the required evolution in the stellar–

halo mass relation, it is clear that there is no chance for
our current, non-evolving physics function to match the ob-
served distribution of stellar masses in both the low and high
redshift universe simultaneously, irrespective of the values of
the available parameters.

3.3 Incorporating a redshift evolution

Although capable of reproducing the observed red and blue
stellar mass functions at z=0, we showed in §3.2 that our
simple formation history model struggles to reproduce the
high redshift distribution of stellar masses. Importantly, we
also concluded that there is no combination of physics func-
tion parameter values (see Eqns. 3 & 4) which can alleviate
this discrepancy. In this section we therefore look to extend
our simple model by introducing a redshift dependence to
the physics function. In e↵ect, this is equivalent to the intro-
duction of an evolution of the star formation e�ciency with
time for a fixed halo mass/maximum circular velocity. Such
an evolution is well motivated both theoretically and obser-
vationally, suggesting the presence of alternative/additional
star formation mechanisms at high redshift when compared
to those of the local Universe. For example, so called “cold-
mode” accretion (Birnboim & Dekel 2003; Kereš et al. 2005;
Brooks et al. 2009) is thought to be able to e↵ectively fuel
galaxies of massive halos at high redshift, allowing for in-
creased star formation. In addition, the early universe was
also a more dynamic place, with an enhanced prevalence of
gas rich galaxy mergers and turbulence driven star forma-
tion (e.g. Dekel et al. 2009; Wisnioski et al. 2011).

To reproduce the evolving position and normalisation
of the stellar–halo mass relation as found by Moster et al.
(2012), we modify the physics function of Eqn. 3 by intro-
ducing a simple power law dependence on redshift to each
of the free parameters:

log
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peak
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peak
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vir , (6)
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. The exact values of the redshift scalings
are calibrated using MCMC to provide the best simulta-
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Figure 8. The mean evolution of the stellar–halo mass relation of central galaxies. The results of a non-evolving physics function defined
in terms of M

vir

(Eqn. 3; black solid line) and V
max

(Eqn. 4; orange dashed line) are both shown. The dark and light shaded regions
indicate the 68 and 95% confidence intervals predicted using the marginalised parameter distributions from our calibration at z=0 (see
Fig. 6). A comparison with the subhalo abundance matching results of Moster et al. (2012) (blue error-bars) indicates that both forms
of the physics function fail to reproduce the evolution of the stellar mass growth e�ciency required to reproduce the high redshift stellar
mass function (see Fig. 7).

cause of the larger predicted number density of high redshift
low mass galaxies in the V

max

model. In this case, the lowest
mass halos present at high redshifts have spent a longer time
close to the peak of the e�cient star forming band. This re-
sults in these halos already hosting significant amounts of
stellar mass by z=3.

To illustrate this further, in Fig. 8 we show the evolution
of the mean stellar–halo mass relation for both models. The
blue error-bars represent the relations predicted by the sub-
halo abundance matching model of Moster et al. (2012). We
have specifically chosen to compare our results against the
work of Moster et al. (2012), as they take their halo masses
from the same dark matter merger trees as used in this work
(as well as the higher resolution Millennium-II simulation;
Boylan-Kolchin et al. 2009) and also construct their model
to match the same high-redshift stellar mass functions of
Pérez-González et al. (2008). Hence, the blue error-bars of
Fig. 8 represent the evolution in the integrated stellar mass
growth e�ciency which our model must achieve in order to
successfully replicate the observed stellar mass functions of
Fig. 7.

By construction both the M
vir

and V
max

models pro-
duce extremely similar relations at z=0, but with clear dif-
ferences at higher redshifts. It is these variations in the typ-
ical amount of stars formed within halos of a given mass
that drives the di↵erent predictions for the evolution of the
stellar mass function. For example, the much higher average
stellar mass content of low mass halos at z=3 when using
the V

max

model physics function in Fig. 8 is the cause of the
increased normalisation of the low mass end of the relevant
stellar mass function in Fig. 7.

Importantly, it can be seen from Fig. 8 that neither M
vir

or V
max

models reproduce the evolution of the stellar–halo
mass relation found by Moster et al. (2012); in particular
with respect to the position and normalisation of the peak
value. The use of a redshift independent virial mass to define
the peak in-situ star formation e�ciency of the M

vir

model
means that, by construction, there is no evolution in the po-
sition of the peak of the stellar–halo mass relation. However,
due to the evolving M

vir

–V
max

relationship, the position of
the peak e�ciency for the V

max

model does evolve, but in
the direction opposite to that required. Based purely on this
inability to reproduce the required evolution in the stellar–

halo mass relation, it is clear that there is no chance for
our current, non-evolving physics function to match the ob-
served distribution of stellar masses in both the low and high
redshift universe simultaneously, irrespective of the values of
the available parameters.

3.3 Incorporating a redshift evolution

Although capable of reproducing the observed red and blue
stellar mass functions at z=0, we showed in §3.2 that our
simple formation history model struggles to reproduce the
high redshift distribution of stellar masses. Importantly, we
also concluded that there is no combination of physics func-
tion parameter values (see Eqns. 3 & 4) which can alleviate
this discrepancy. In this section we therefore look to extend
our simple model by introducing a redshift dependence to
the physics function. In e↵ect, this is equivalent to the intro-
duction of an evolution of the star formation e�ciency with
time for a fixed halo mass/maximum circular velocity. Such
an evolution is well motivated both theoretically and obser-
vationally, suggesting the presence of alternative/additional
star formation mechanisms at high redshift when compared
to those of the local Universe. For example, so called “cold-
mode” accretion (Birnboim & Dekel 2003; Kereš et al. 2005;
Brooks et al. 2009) is thought to be able to e↵ectively fuel
galaxies of massive halos at high redshift, allowing for in-
creased star formation. In addition, the early universe was
also a more dynamic place, with an enhanced prevalence of
gas rich galaxy mergers and turbulence driven star forma-
tion (e.g. Dekel et al. 2009; Wisnioski et al. 2011).

To reproduce the evolving position and normalisation
of the stellar–halo mass relation as found by Moster et al.
(2012), we modify the physics function of Eqn. 3 by intro-
ducing a simple power law dependence on redshift to each
of the free parameters:
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what else can we do with it?

• Statistically constrained catalogues
• Access to full formation histories

• Comparing effects of dark matter treatment on 
galaxy populations

• Testing general theories e.g. monolithic 
collapse, ICL, LQSO vs. SFR, etc.
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  A formation history model of 
galaxy growth

• physically motivated 
(halo growth ➡ stellar mass growth)

• simple

• adaptable

• useful!
(fast + provides stellar mass histories, SFRs, 
colours, ...)
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(Ṁ⇤ = F
growth

· F
phys

)


